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This paper investigates a method of analysis for the scale effect on shear strength of sands — a fundamental problem of
considerable importance to soil mechanics. The phenomena of scale effect for direct shear box tests and footing bearing
capacity tests are briefly described and the available analytical methods are discussed. First, the couple-stress theory is
reviewed and its extension to a Drucker—Prager type is illustrated. Subsequently, material constants are discussed. Attention
is then focused on the internal length of sand, which is shown to be the key parameter for scale effect for granular soil. Then,
the predicted results are compared with experimental results on two sands. The main observations of the comparison for the

scale effect are sketched and its limitations are discussed.

Keywords: scale effect; granular material; couple stress; shear strength; direct shear; bearing capacity

1. Introduction

Scale effects occur in many types of material. Metals
display size dependence when deformed non-uniformly
into the plastic range (Hutchinson 2000). The scale effect
has also been found in torsion of copper and nickel wire
(Fleck et al. 1994), and in the indentation of alloy
plates (Atkinson 1995, Ma and Clarke 1995, Poole et al.
1996). Scale effects also exhibit in composite material,
concrete and rock (Bandis 1979, Hudson 1993, Bazant
2000).

In granular soils, scale effects have been experimen-
tally observed in the bearing capacity measured from
footing tests (Berry 1935, DeBeer 1965, Tatsuoka et al.
1991) and in the shear strength measured from direct shear
box tests. In general, the friction angles observed from
experimental results are significantly higher for smaller
footings and for smaller laboratory specimens.

Classic continuum mechanics do not have the
capability of describing the effect of scale. Recently,
new analytical models have been developed, that involve
the concept of ‘internal length’, which now makes it
possible to simulate the scale effect for granular soils. The
studies of internal length, however, were predominantly
performed for the formation and thickness of shear bands;
very few studies have focused on the influence of internal
length on scale effect, particularly compared with
experimental measurements.

In this paper, we use an elastic—plastic model of
couple-stress type to analyse the experimental results
performed on two different sands. We attempt to study the
factors influencing ‘internal length’ and the appropriate

range of internal length to be used for real granular
soil. We also compare the analytical results with those of
classic methods of analysis.

2. Scale effect

The scale effects examined in this paper are focused on
those observed from direct shear box tests and from
footing bearing capacity tests. Direct shear test is readily
available in soil testing facilities and is commonly used by
geotechnical engineers. The shear strength 7 and the
confining pressure o are obtained, respectively, by dividing
the forces Fj, and F, by the area of the specimen
(see Figure 1(a)). The friction angle is estimated by the
ratio 70 = tan ¢, which assumes that the horizontal
plane through the shear box is the theoretical failure plane
(Hansen 1961).

Intuitively, the shear strength should be independent of
specimen size. However, Parsons (1936) demonstrated the
opposite by showing experimental results for crushed
quartz and for clean Ottawa sand tested in different shear
box sizes. Results from both materials show that the
friction angle decreases with increasing box size. The
angle of the crushed quartz decreased from 31.5 to 30.7°
and of the clean sand decreased from 31.0 to 28.5°.

More recently, Hight and Leroueil (2003) presented
test results of dense Leighton Buzzard sand in different
shear box sizes. They presented their results as the ratio of
shear stress to normal stress versus the aspect ratio, H/L
and showed that as the aspect ratio increased, the friction
angle increased (see Figure 2). The results also showed
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Figure 1. Schematic illustration of (a) direct shear box test and
(b) footing load test.

that smaller samples exhibit higher strength. It is noted that
the ASTM standard test method for direct shear testing
requires a minimum specimen thickness H of six times the
maximum particle diameter and a minimum specimen
width L of 10 times the maximum particle diameter, in
determining which shear box size should be used for
testing sands. The minimum specimen width to thickness
ratio, L/H, shall be 2:1. However, all the tests by Hight and
Leroueil’s (2003) meet these criteria, but the tests still
result in large variation of friction angles.

For the case of a shallow strip footing on the surface of
a cohesionless granular material as shown in Figure 1(b),
the ultimate pressure g, required to cause instability,
commonly used in shallow foundation design, is derived
based on either the elastic—plastic model of Drucker—
Prager or limit analysis (Terzaghi 1943, Meyerhof 1951,
Hansen 1961). Both results give the following form:

Guit = %NV)/B or N,= ;gﬂ/tz, (1)
where B is the footing width and vy is the unit weight of
soil. The dimensionless constant, N,, is only a function of
material property, independent of footing size. Exper-
imental measurements show that, for a given material, the
value of N, is nearly a constant for large size footings.
However, for small-scale experimental footing tests, the
results have shown otherwise. In order to have a general
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Figure 2. Influence of shear box aspect ratio on the friction
angle (Hight and Leroueil 2003).

idea of the footing size effect, a collection of footing test
results are plotted in Figure 3 for various types of sand. The
results show that, for the same sand, the value of N, can be
many times higher for a smaller footing size. The value of
N, increases as the footing size B increases. For large
footing sizes, the value of N, can be regarded as a constant.

The experimental results, both from shear box test and
from footing tests, clearly demonstrated that the shear
strength of sand has a scale effect, which is a contradiction
to the common concept of dimension analysis in
continuum mechanics.

3. Model formulation

In order to model the scale effect of granular material, a
stress—strain law with internal length should be considered.
For this purpose, the class of models for strain-gradient
continuum can be adopted. The strain-gradient models treat
that stress is a function of not only strain but also strain-
gradient. The material constant that links the relationship
between stress and strain-gradient contains a length scale,
which is considered an intrinsic material property, and
termed as internal length of the material. Within the strain-
gradient models, there are two different approaches; the first
approach considers only Cauchy stress, thus the work done is
expressed by the traditional expression o;;Ag;;. The second
approach considers an additional higher order stress u;
(conjugate to the strain-gradient A y;), thus the work done is
in a combined form of oj;As;; + wiAx;.

The first approach is more popularly adopted because
it is easier to implement. Without additional stress
variables, its finite element formulation is only slightly
varied from the traditional formulation. This approach has
been recently employed by many researchers (DeBorst and
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Figure 3. Results of model and prototype footing tests compiled
from the literature (Berry 1935, Eastwood 1951, Hansen
and Odgaard 1960, Selig and McKee 1961, Vesi¢ 1963,
Subrahmanyam 1967, Prakash and Ghumman 1978, Okamura
et al. 1993, Kusakabe 1995, Zhu et al. 1998).
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Muhlhaus 1992, Pamin 1994, Chang and Gao 1995,
Peerling et al. 1996, Altan and Aifantis 1997, Aifantis
1999, Suiker et al. 2001, Abu Al-Rub and Voyiadjis 2004,
Voyiadjis and Abu Al-Rub 2005, etc). On the other hand,
the second approach is more rigorous because it includes
strain-gradients and their conjugated higher order stresses
under strict thermodynamics constraints (Chang et al.
2002). As a result, the finite element analysis is more
robust. However, its finite element implementation is not a
straightforward task.

Among various strain-gradient models of the second
approach, the simplest but rigorous one is the ‘couple
stress solid’ that utilises only the first gradient of rigid
body rotation (see Mindlin and Tiersten 1962, Toupin
1962, Fleck and Hutchinson 1997, among others). As it is
the simplest model suitable for particle rotation modelling,
it is adopted in this paper. Here, the von Mises model used
by Fleck and Hutchinson (1997) for metal is extended to
Drucker—Prager model for frictional sand. A brief
description is given below.

3.1 Generalised strains and stresses

For the couple-stress model, in addition to the usual strain
(as the symmetric-part of displacement gradient), the
rotation of particle w, is also introduced as a kinematic
variable. The rotation in general is a variable independent
of displacement (see Eringen 1968). However, in this
couple-stress model, the rotation is assumed equal to the
skew-part of displacement gradient

I (ou; Ou; I duy
&y 2 (ax, + ax,») @ Zequ 0x, 2)

Thus, the rotation gradient,

2
dwj _ 1, 07Uy
ax; 2 "ox,0x;’

Xij = 3)

is the second derivative of displacement, and the model
can be classified as a strain-gradient continuum.
Corresponding to the strain &; and strain-gradient y;;, the
generalised stress includes Cauchy stress o;; and couple
stress w;;. The work done per unit volume of the solid is

3.2 Egquilibrium equation and boundary conditions

The couple stress plays a role in the equilibrium equation:

1 azlLij aaiq
2 ox;0x,  0x;

0, “

where the body force is neglected. The moment traction on
the surface of the body is g; = u;n;, and the stress traction

is 7, = ognj — (1/2)ejpq(d uij/9x;)n,. The boundary con-
ditions can be specified using the displacement u; or the
rotation wy.

3.3 Constitutive equations
3.3.1 Elastic stress—strain relationship

Besides the usual relationship between stress and strain, an
additional relationship between couple stress and rotation
gradient is required

AO’ij = CijklAsz[; A/J,ij = DijklAX]il' (5)

For a 2D condition, the constitutive matrix [C] contains
the usual Lame constants A and G
A+2G A 0
[C] = A A+2G 0|, (6)
0 0 G
The constitutive matrix [D] contains the bending stiffness,

k. Evaluation of the bending stiffness will be described in
the later section:
k 0
. (7
K

(D] = 0

3.3.2 Elastic—plastic stress—strain relationship

From strain-gradient plasticity theory developed by Fleck
and Hutchinson (1997), the strain energy density w of a
solid is taken to depend upon the second invariant of
deviatoric strain, &, and the second invariant of the rotation
gradient, . The overall effective strain 5 is defined as

—_ 2 2
E=\/&2+1 %2, where ézwge,je,j and )22\/5)(,7)(,7

®)

where /iy is the material internal length, ¢;; is the strain
deviator tensor and yj; is the rotation gradient tensor.

Similarly, the overall effective stress 3 is defined as a
function of the second invariant of deviatoric stress, @, and
the second invariant of the couple stress u,, which is
expressed as

3= \/rlfmzﬂﬂ , where
3 AT 1=/
o= 3 siisij = +/3J2, and g= 5 Jij i s

where s;; is the stress deviator tensor, u; is the couple-
stress tensor and J, = (1/2)s;s;;.

C))
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The general expression of a yield surface for a work-
hardening/softening material has the form

f(a,,-,sg;,k) =0, (10)

where k = k(Z") is a hardening/softening parameter. 5" is
the effective plastic strain.

To include the effects of hydrostatic stress on the
shearing resistance of the material, the modified von Mises
yield function (Drucker and Prager 1952) was adopted,

f=3—-kE")+3Bp =0, (11)

where 3 and E” are defined in Equations (8) and (9),
p = (01 + 02 + 03)/3 = I,/3 is the mean stress and S is
the friction-like parameter. Here, for soil, stress operates at
the compression range. Hence, positive p indicates
compression and this term should be positive as in
Equation (11). Figure 4 depicts the Drucker—Prager yield
surface in the 3 — I; surface.

The parameters, k and [, can be determined from
failure stress data which usually are expressed in terms of
cohesion ¢ and frictional angle ¢ of the material. For tri-
axial compression, the relations are

5= 6sin'¢) : — 6co§¢> . (12)
(3 — sin¢) (3 — sin¢)

When plane strain conditions are warranted, the material

constants 3 and k are related to ¢ and ¢ by

3t 343
g dmd o 3V gy
V9 + 12tan?¢ V9 + 12tan?¢

For simplicity, a linear strain-softening yield function is
applied in the analysis, which is shown in Figure 5.

The material yields at stress 3, and has a softening
modulus 4. A small residual strength 3, is specified to
avoid the occurrence of unrealistic negative stresses due to
extrapolation of the linear relationship at large strain.

Associated flow rule is assumed, which stipulates the
plastic potential function g = f. The flow rule is defined as

af
—D ( 14
d=" = d/\_E)E’ (14)

J3pi3

3 g

Figure 4. Drucker—Prager yield surface in the 3 — I plane.

zr

Figure 5. Linear strain-softening function.

where dA is a non-negative scalar function that will
determine the magnitude of the plastic flow. The elastic—
plastic stress—strain relationship based on the yield
function and flow rule is derived in Appendix.

3.4 Finite element formulation

Implementation of the couple-stress model into a standard
finite element code is not straightforward. Only a few finite
element formulations exist in the literature for couple stress
solids. Ristinmaa and Vecchi (1996) used a C ' continuous
shape function that guarantees continuous displacement
gradients at nodal points. On the other hand, Xia and
Hutchinson (1996) and Shu et al. (1999) used a c® shape
function by treating rotation and displacement as two
independent variables. Then, a Lagrange multiplier was
used to enforce the constraint between displacement
gradient and rotation. Unfortunately, convergence of the
finite element formulation with two kinematic fields is
conditional to the orders of the selected shape functions for
displacement and rotation (Hughes and Brezzi 1989). For
this reason, a modified variational formulation was
proposed to render unconditional convergence (Chang
and Shi 2005). We have adopted this approach to implement
the elasto-plastic model in the finite element method.

4. Internal length

Internal length is the key parameter that makes the model
capable of simulating scale effect. A mathematical
definition of particle internal length was presented by
Chang and Shi (2005) as the ratio of inter-particle rolling
stiffness to the inter-particle compressive stiffness. The
rolling resistance is influenced by many factors. For
instance, particles with flat contact surface give higher
rolling resistance. The arrangement of neighbouring
particles also contributes to the rolling resistance. Thus,
internal length is related to particle shape, degree of
interlocking and binder stiffness. Angular particles
generally have a high degree of interlocking and therefore,
a higher internal length. On the other hand, the round
particles generally exhibit a lower internal length.
However, at this time, the factors influencing internal
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length cannot be separated and quantified, thus internal
length cannot be determined directly from microscale
information. It can only be phenomenologically deter-
mined by comparison with experimental results. In a later
section, we will evaluate the values of internal length for
real sands.

When subjected to deformation, moments transmit
between particles in the system. The presence of such
moments, neglected in the classic continuum, can be better
described by a couple-stress medium, in which an
additional relationship between couple stress and
rotational gradients is provided. As shown in Equations
(5) and (7), parameter « governs the magnitudes of
moment transmit between particles. It has been shown
from a micromechanics derivation (Chang et al. 2003) that
the bending stiffness, k, can be expressed as

K = Lﬂ (15)

1 — Vint’

where E is the elastic modulus, v is the Poisson’s ratio and
k is the bending modulus. When internal length is zero, the
couple stress becomes null. Thus, it reduces the material to
a classic continuum. For angular aggregates, the internal
length will facilitate a large moment transmitting within
the material.

It is noted that moment can be transmitted in the
material through two modes: through contact-forces and
through contact-moments between particles. For a large
sample size, a large length of moment arm is involved;
thus, the moments are dominant by the contact forces. On
the other hand, for a small scale, the moments are
dominant by contact moments. Therefore, scale effect
exhibits in a footing test, or in a shear box test.

Parameters required for the model are cohesion c,
friction angle ¢, Young’s modulus E and Poisson ratio v,
hardening/softening parameter s and internal length /;,. In
this paper, we aim to study how the consideration of
internal length alone will affect the traditional bearing
capacity solution, which is based on a perfect plastic
Drucker—Prager model. Therefore, the softening par-
ameter h is assigned a number negligibly small to
represent the perfect plastic condition.

5. Finite element analyses

5.1 Finite element analysis for direct shear
experiments

The finite element simulations for direct shear box tests
were performed in the same manner as the experimental
tests. Two shear box sizes (63.5 and 101.6 mm) were used
in the simulation. Figures 6 and 7 show the mesh used in
the simulations. The confining stress was applied as a
uniform pressure downward in the vertical direction.

i +
— — 25:1+im

Figure 6. Finite element mesh for direct shear box (63.5 mm).

The bottom of the box was fixed in both directions. The
sides of lower half box were fixed in the x direction,
allowing the specimen to consolidate vertically. The top
half of the box was displaced as arigid box by specifying the
same displacement magnitudes on both sides. This
simulated the rigid metal box movement in the experimen-
tal test. The shear strength was taken at a displacement of
10% of the box width to be consistent with experimental
tests. Seven different normal stresses were used to capture
the curvature of the Mohr—Coulomb failure envelope: 6.9,
34.5,68.9,103.4,137.9,172.4 and 517.1kPa (1, 5, 10, 15,
20, 25 and 75 psi). These normal stresses were similar to
those used in the experimental programme.

5.2 Finite element analysis for footing test

The mesh dimensions and boundary conditions of the
problem are designated in Figure 8. Because of the
symmetrical condition, Figure 8 reveals only the right half
of the complete footing problem. The dimensions of the
steel box with the concrete base match with those of the
model-scale footing test; H = 0.30 m, L = 0.46 m (half the
box length) and B = 50.8 mm. Soil gravity was considered
in this analysis. At the base, the displacements were
specified to be zero in the x and y directions and the
displacements on the left-side wall was specified to be zero
in the x direction and in both the x and y directions on the
right-side wall. A plane strain condition was applied. Here,
associative flow rule is used for simplicity and for
comparison with classic solutions.

RRRRERRRRRRER.
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Figure 7. Finite element mesh for direct shear box (101.6 mm).
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Figure 8. Finite element mesh for footing analysis.

6. Comparison between prediction and experiments
6.1 Soils used in experiments

The tests results used for comparison were selected from
the work by Cerato (2005). Results for two sands were
selected brown mortar sand and winter sand. The gradation
curves for the two sands are shown in Figure 9. Brown
mortar sand is uniformly graded (i.e. the particle size
distribution is narrow), whereas winter sand is well
graded. The ratio Dgy/D is 2.1 and 4.5, respectively. The
values of Dsy are very close for the two sands;
D5y = 0.6 mm for brown mortar sand and Dsy = 0.7 mm
for winter sand. The loosest and densest states of the two
sands were determined in accordance with ASTM standard
tests. For brown mortar sand, e,,;, = 0.58 and e,,,,, = 0.91
and for winter sand, en;, = 0.37 and e, = 0.67. It is
easier to compact winter sand to a higher density. The
aspect ratios for both sands are about the same, 1.32—1.33.
The roundness is 0.79 for brown mortar sand and 0.34 for
winter sand, indicating that particle shapes of the two

(a) 200
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g 80
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Normal stress (kPa)

(b) 200
Brown mortar sand
160
g
~
@’ 120 1 o
#
g 807
o
E ® 635mm
40 © O 1016 mm
[¢] —— Finite element
0

0 50 100 150 200

100 T T T T T T T -
0 E —o— Brown mortar El
80 F —o— Winter sand 3
£ E E
3 705 I
2 = =
2 60fF I
2w T
N E E
e Y 3
8 wf i
< E =
20E =
10E ER
O'_||||||| 1 ligsa a1 1 levaa a4 1 111 1 3
100 10 1 0.1 0.01

Particle diameter (mm)

Figure 9. Gradation curves for brown mortar sand and winter
sand.

sands are distinctly different. Based on the roundness
criterion given by Powers (1953), brown mortar sand is
well rounded and winter sand is subangular. It is, therefore,
expected that these two sands would have different
magnitudes of internal length.

6.2 Direct shear test simulations

In the direct shear box test simulations, the finite element
predictions are performed for dense soils (relative density
D, = 70% for brown mortar sand and 87% for winter
sand) tested in two box sizes: 63.5 and 101.6 mm. The
predictions and experimental data are plotted in Figure 10.
Due to the high density of winter sand, the measured
friction angles are higher than those of brown mortar sand,
Figure 10.

In the prediction, internal length is specified as 2.54 and
25.4 mm, respectively, for brown mortar sand and winter
sand. Other input parameters are given in Table 1. The
values of cohesion are negligibly small, thus are not listed.

For the two different sizes of shear box, the friction
angle in general varies about 4—10° for the winter sand,

0 50 100 150 200
Normal stress (kPa)

Figure 10. Comparison of predicted and measured direct shear box results for two different types of sand.
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Table 1. Input parameters in finite element simulation for direct
shear box tests.

‘;b E v lint
Brown mortar sand 37° 13.8 MPa 0.3 2.54 mm
Winter sand 45° 13.8 MPa 0.3 25.4 mm

but varies little in the brown mortar sand. The variation of
friction angle is plotted in terms of shear box size (see
Figure 11). For easy comparison purposes, it is also plotted
in a normalised form with ¢/ ¢ in the vertical axis, where
¢p is the estimated friction angle when box size is
infinity (here we use 45° for winter sand and 37° for brown
mortar sand).

In Figure 11, both sands show change in friction angle
with box size. However, a more significant change in
friction angle is observed for winter sand. This behaviour
can be modelled using a larger internal length for winter
sand, because a larger internal length gives more
pronounced friction angle change with box size. Internal
lengths between 2.54 and 25.4 mm seem to bracket the two
different sands used in the study. This difference in
internal length is attributed primarily to the influence of
particle shape. The well round brown mortar sand has less
ability of transmitting moment between particles than
winter sand, which has subangular particles.

The thickness of shear zone (shear band) is not easy to
depict from experiments. However, it can be observed
from the shear strain profile obtained in the finite element
simulation. The thickness of shear zone in the winter sand
is larger than that in the brown mortar sand. The thickness
of shear zone has been experimentally observed as a
function of particle size as indicated by Palmeira and
Milligan (1989) for Leighton Buzzard Sand in a small,
medium and large shear box. Figure 12 shows the ratio
between the shear zone thickness and the sample height
(t/H), which is plotted against the sample height to mean
particle diameter ratio (H/Dsy) for several tests with

(& 60
—O— Winter sand
—e— Brown mortar sand
£l
g 50
3
o
[=)]
®
S 401
B — .
s
30

0 100 200 300
Box size (mm)

Figure 11. The effect of shear box size on friction angle.

Leighton Buzzard Sand. This figure shows that the
thickness of the shear zone decreases for small particle
size if the specimen size remains the same. The thickness
of shear zone is plotted in Figure 12 for brown mortar sand
and for winter sand. The points are positioned on the
vicinity of the trend curve. The ratio of thickness of shear
zone (t/H) is larger for the smaller box size. The particle
size is not the only influencing factor; the particle shape
can also significantly affect the thickness of shear zone.

6.3 Bearing capacity

The experimental measurements for sand in the range
from medium dense to dense are plotted in Figure 13.
The experimental data show that N, is strongly
dependent on footing size (Cerato 2005). As footing size
increases, the value of N, decreases and finally converges
to a constant N,z. The value of N,z is 80 for winter sand
and 350 for brown mortar sand. In Figure 13, the symbols
are the measured experimental results, and the solid
lines are the predictions from finite element model. In
the finite element analyses, the input material
parameters for brown mortar sand and winter sand are
given in Table 2.

It is noted that the input parameters in Table 2 are the
same as those in Table 1 except for the friction angles. In
the previous case, the two sand specimens used in the
direct shear box tests had specific densities. The footing
test results are shown in Figure 13; however, were
measured from sand with a range of densities. Thus in
Table 2, the average friction angles are estimated to
represent the soils with this range of densities. The same
values of internal lengths were kept to show the same
effect of particle shapes. Figure 13 shows a good
agreement between measured and predicted trends,
which is due to footing size effect.

In order to compare the effect of footing size, the data
are replotted in Figure 14 on a normalised scale. It can be

(b)
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—e— Brown mortar sand
1.2 1
o
£ 111
S
1.0
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Box size (mm)
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Figure 12. Influence of scale on shear zone thickness after
Palmeira and Milligan (1989): Stroud (1971), Wernick (1979),
Dyer (1985), winter sand, brown mortar sand
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Figure 13. Comparison between predicted and measured
bearing capacity for two different types of sands.

Table 2. Input parameters in finite element simulation for
footing tests.

d) E v lim
Brown mortar sand 44° 13.8 MPa 0.3 2.54 mm
Winter sand 37° 13.8 MPa 0.3 25.4 mm

seen that the footing size has a smaller influence on the
bearing capacity for brown mortar sand than for winter
sand. This is expected because of its well round particles
and its smaller resistance to rotation through inter-particle
contacts.

7. Conclusion

The scale effect is a fundamental problem of considerable
importance to soil mechanics. A couple-stress model has

o O Winter sand
12 + ® Brown mortar sand

—— Predicted

N,/Nyg

0.0 0.2 0.4 0.6
Footing size (m)

Figure 14. The effect of footing size on N,,.

been investigated for the scale effect on shear strength of
sands. In the couple-stress model, by considering the
relationship between rotation gradient and couple stress,
the rolling resistance between particles is explicitly
considered as a contribution to the overall shear strength.
This part of contribution only becomes significant when
the size of the problem is relatively small. Therefore, for a
small size shear box or footing, higher shear strength is
observed. On the other hand, this part of the contribution is
insignificant when the size of the problem is relatively
large. Therefore, the problem of large footing size can be
analysed using the conventional model.

In the couple-stress model, the key material parameter
is internal length, which shows the degree of rolling
resistance of the material. The overall contribution to shear
strength depends on the ratio of internal length to the
problem size (i.e. /iy /B, where B can be taken as the footing
size or the shear box size). When this ratio approaches zero,
the present model reduces to the classic Drucker—Prager
plasticity model. The degree of scale effect can be captured
by this model with different magnitudes of internal length.

The value of internal length for sand is evaluated from
the experimental tests from the literature and from the tests
carried out by Cerato (2005). On the basis of the finite
element analyses, the internal length is approximately
2.5 mm for sand with round particles and 25 mm for sand
with angular particles. This range seems to predict results
that bracket the experimentally measured data for brown
mortar sand and winter sand.
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Appendix. Incremental elastic—plastic stress—strain
formulation

In this appendix, the incremental formulation for the elastic—
plastic stress—strain relationship is derived. The total strain
increment is assumed as the sum of the elastic strain increment
and the plastic strain increment. In a gradient plasticity, the yield
strength of the solid is taken to depend upon both strain & and the
rotation gradient y. Therefore, the increment of rotation gradient
is also divided into elastic and plastic part

= + , 16
{dx,.j} ax; ax; (16)

From Hooke’s law, the stress increment can be expressed as

do; ij C ijkl 0 dsi,
dug [ | 0 Dyu || dxg
Ciu 0 7 [ (dew - def)
, 17
0 Dyu (kal - dXZI) an

where Cjj; is the tensor of lower order elastic stiffness and Dy is
the tensor of higher order elastic stiffness. The plastic strain
increment is obtained from the flow rule

def o
=dX 4 o (18)

Then, the stress—strain relations for a work-hardening/
softening material are expressed as

d(Tij
{d/-Lii } a

During plastic deformation, the stress point stays on the yield
surface. The consistency condition for a general work-hardening
or softening material is

g [ do; o o] de o o0
If = |50y ouy duy + |9 o d){; =0. (20)

(dew — ar;2L)
(ow-wnz) "

Amyy

Ciuw O
0 Dijkl

Substituting Equation (18) into Equation (20) and solving we
get

J
dr=— ( f Cijndey +
aO',‘j

i z/kld)(k[) 20

i
where

9 9 9 of 9
PO P L L .
do Yooy O i "o as' 0

_of of

A (22)
X O

Using Equations (17) and (21), the stress increment can be
calculated from a given strain increment. The relationship is

dO’ij Cijkl 0
dpj “lo D

(d&‘k/ L (L Ciuden + 5. am Dz/klkal> M,)
<ka1 - % (% Cijuden + 50 Dzjklkal> aw,)

(23)

X

With some mathematical manipulation, the incremental stress—
strain relationships are expressed as

dO’lj dSk[
— [C%
{dﬂi/‘ } [C ]{ dy } (24)

where the matrix

1 _of of —lc. o o
Cl]kl Cl]mn DG 00pg Cqul H Czjmn 3G 10 qukl
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