
In Search of the Liquidity E¤ect in a Modern
Monetary Model:

Technical Appendix

Benjamin D. Keen

1 Introduction
This appendix provides detailed information on the model. It outlines the relevant
equations in the model, determines the steady state, and linearizes the model. Infor-
mation in this appendix provides the necessary information to replicate the simula-
tions of this paper, using the solution methods outlined in King and Watson [1995,
1998].

2 The Equilibrium
These equations describe the equilibrium for the households problem. Households are
in…nitely lived agents who demand consumption and leisure subject to the following
cash, time, and budget constraints respectively:

Ptct = St, (1)

nt + lt + ht = 1,

Mt =Wtnt +D
c
t +D

f
t +RtXt +Rt(Mt¡1 ¡ St).

Maximizing household utility subject to these constraints yields the following two
Euler equations:

µ(l¡³t )=Wt = ¯Et[Rt+1µ(l
¡³
t+1)=Wt+1],

1=(ctPt) = Rtµ(l
¡³
t )=Wt + h

0
t(1=St¡1)µ(l

¡³
t )¡ ¯Et[h0t+1(St+1=S2t )µ(l¡³t+1)].

The time households spend adjusting their portfolio is a function of the change in
their “money to spend”:

ht = h(St=St¡1).

These set of equations come from the …rms. Firm output, price, labor demand,
capital demand and supply, and dividends are separated according to the number of
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periods since the …rm has adjusted its price. For example, nj;t is the labor demand
of a …rm in period t that last adjusted its price j periods ago. Cost minimization by
…rms implies the following two factor demand equations:

Ãt®[nj;t=kj;t]
1¡® = qt, (2)

Ãt(1¡ ®)[kj;t=nj;t]® = Wt=Pt. (3)

Since the real wage and user cost of capital are economy wide costs, the real marginal
cost and capital-labor ratio will be the same for all …rms. The market clearing
conditions for capital and labor given the conditional probabilities of price adjustment
(´j) are:

kt =
J¡1X

j=0

!j+1kj;t and nt =
J¡1X

j=0

!jnj;t, (4)

where

!1 =
JX

j=1

´j!j

!j+1 = (1¡ ´j)!j for j = 1; :::J ¡ 1.

Therefore, the an individual …rm’s capital-labor ratio is equal to the aggregate capital-
labor ratio, kj;t=nj;t = kt=nt.

The capital supplier must decide on the optimal levels of investment and capital.
The respective Euler equations determining these optimal amounts are:

[Á0(it=kt)]¿ t = ¸tPtRt,

¿ t = ¯Et[¿ t+1f(1¡ ±)¡ [Á0(it+1=kt+1)][it+1=kt+1] + [Á(it+1=kt+1)]g+ ¸t+1Pt+1qt+1],
where

¸t = µ(l
¡³
t )=Wt.

subject to the capital accumulation equation

kt+1 ¡ kt = [Á(it=kt)]kt ¡ ±kt.

The pro…t function for the capital supplier is:

Dc
t = Ptqtkt ¡ PtRtit.

The production function for the individual …rm is:

yj;t = (kj;t)
®(nj;t)

1¡®.

When (4) is used to aggregating capital and labor over all …rms, the production
function becomes:

yt =
J¡1X

j=0

!j+1yj;t = (kt)
®(nt)

1¡®. (5)
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Recall the aggregate level of output is not
PJ¡1
j=0 !j+1yj;t but is

hPJ¡1
j=0 !j+1y

(²¡1)=²
j;t

i²=(²¡1)
.

To relate the linear index implied by the …rm production function with the non-linear
aggregate index of output, a auxiliary price index is de…ned as in Yun [1996]:

P t =

2
4
J¡1X

j=0

!j+1P
¤
t¡j

¡"

3
5
¡1="

.

Taking the …rms’ demand equation:

yj;t =

Ã
P ¤t¡j
Pt

!¡"
yt, (6)

and using it to replace yj;t in the linear index, (5), we get:

(kt)
®(nt)

1¡® =

Ã
Pt
P t

!"
yt. (7)

Firm pro…ts are returned to the shareholders, the households, in the form of
dividends:

Df
j;t = P

¤
t¡jyj;t ¡Wtnj;t ¡ Ptqtkj;t.

Using the factor demand equations, (2) and (3), and the …rm demand equation, (6),
it can be shown that the …rm dividends equation can be rewritten as:

Df
j;t =

h
P ¤t¡j ¡ PtÃt

i Ã
P ¤t¡j
Pt

!¡"
yt.

The value functions for those …rms adjusting their price and those …rms who last
adjusted their price j periods ago are:

vj;t = D
f
j;t¸t + ¯Et[´j+1v0;t+1 + (1¡ ´j+1)vj+1;t+1],

for j = 1; ::; J ¡ 2 and

vJ¡1;t = D
f
J¡1;t¸t + ¯Et[´Jv0;t+1].

The next equations are the marginal value functions. Assuming v0;t is di¤eren-
tiable, pro…t maximizing satis…es the following …rst order condition when:

@v0;t
@P ¤t

=
@Df

0;t

@P ¤t
¸t + ¯Et

"
(1¡ ´j+1)

@v1;t+1
@P ¤t

#
= 0,

where
@Df

j;t

@P ¤t¡j
= yt

2
4(1¡ ")

Ã
P ¤t¡j
Pt

!¡"
+ "Ãt

Ã
P ¤t¡j
Pt

!¡"¡13
5 .
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The marginal value functions for j = 1; ::; J ¡ 1 are:

@vj;t
@P ¤t¡j

=
@Df

j;t

@P ¤t¡j
¸t + ¯Et

"
(1¡ ´j+1)

@vj+1;t+1
@P ¤t¡j

#
,

for j = 1; ::; J ¡ 2 and
@vJ¡1;t
@P ¤t¡J+1

=
@Df

J¡1;t
@P ¤t¡J+1

¸t.

The following are identity equations for output and the price level:

yt = ct + it,

Pt =

2
4
J¡1X

j=0

!j+1P
¤
t¡j

(1¡")

3
5
1=(1¡")

.

Finally, the following equation equates loan demand and loan supply:

Ptit =Mt¡1 ¡ St + (Mt ¡Mt¡1). (8)

Substituting in the cash constraint, (1), reduces the banking constraint, (8) to:

PtYt =Mt.

3 The Steady State

These are the steady state equations for the households. Initially, we will assume the
gross steady state rate of money growth is ¹. The …rst two equations are the steady
state cash and time constraints.

Pc = S,

n+ l + h = 1,

The steady states for the Euler equations derived from maximizing household utility
are:

¹ = ¯R.

1=(cP ) = Rµ(l¡³)=W + h0(¹=S)µ(l¡³)¡ ¯h0(¹=S)µ(l¡³).
The steady state for the time spent by households adjusting their portfolio is:

ht = h(St¹=St¡1).

Next are the steady state equations for the …rms. Since the …rm consumption
of investment goods and …rm capital supply are equal their corresponding aggregate
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measure, all capital supply and investment in stated in aggregate terms. The …rst
two equations are the steady states of the factor demand equations:

Ã®[nj=kj ]
1¡® = q,

Ã(1¡ ®)[kj=nj]® =W=P ,

The steady state equations for optimal investment and capital supply are:

[Á0(i=k)]¿ = ¸RP ,

¿ = ¯[¿f(1¡ ±)¡ [i=k][Á0(i=k)] + [Á(i=k)]g+ ¸qP ],
where

¸ = µ(l¡³)=W .

The steady state capital accumulation equation is:

± = [Á(i=k)]:

The steady state pro…ts for the capital supplier are:

Dc
j = Pqk ¡ PRi.

Recall the linear index function for yt in (5). The steady state for that equation
is:

y = (k)®(n)1¡®.

The steady state right hand side of (7) is:

y =
µ
P ¤

P

¶¡"
y
J¡1X

j=0

!j+1¹
j².

Next are the steady state value functions for those …rms who last adjusted their
price j periods ago:

vj = D
f
j ¸+ ¯(´j+1v0; + (1¡ ´j+1)vj+1)],

for j = 1; ::; J ¡ 2 and
vJ¡1 = D

f
J¡1¸+ ¯´Jv0.

where

Df
j =

h
¹¡jP ¤ ¡ PÃ

i Ã
¹¡jP ¤

P

!¡"
y.

The steady state equation for the marginal value function of the price adjusting …rm
is:

@v0
@P ¤

=
@Df

0

@P ¤
¸+

¯

¹
(1¡ ´1)

@v1
@P ¤

= 0,

5



where
@Df

j

@P ¤
= y

2
4(1¡ ")

Ã
¹¡jP ¤

P

!¡"
+ "Ã

Ã
¹¡jP ¤

P

!¡"¡13
5 .

The steady states for next j = 1; ::; J ¡ 2 marginal value functions are:

@vj
@P ¤

=
@Df

j

@P ¤
¸+

¯

¹
(1¡ ´j+1)

@vj+1
@P ¤

,

and for j = J ¡ 1
@vJ¡1
@P ¤

=
@Df

J¡1
@P ¤

¸.

The steady state identity equations are:

y = c+ i,

P =

2
4
J¡1X

j=0

!j+1(¹
¡jP ¤)(1¡")

3
5
1=(1¡")

,

Finally, the steady state equation derived from the banking and cash constraints is:

Py =M .

4 Linearization around the steady state
This model linearizes around the steady state in two di¤erent ways. The value and
marginal value functions are deviations from trend while the other variables are per-
cent (log) deviation from trend. For example, dv0;t is the deviation of v0;t from trend
while blt is the percent deviation of lt from trend.

On the households’ side, the linearizations of the cash and time constraints are:

bPt + bct = bSt,

nbnt + lblt + hbht = 0,

The Euler equations on the household are linearized as follows:

¡³blt ¡ cWt = Et
³ bRt+1 ¡ ³blt+1 ¡ cWt+1

´
,

¡ 1

PC

h bPt + bct
i
=

Rµ(l¡³)

W
[ bRt ¡ ³blt ¡ cWt] +

h0¹µ(l¡³)

S

"
¹h00

h0
( bSt ¡ bSt¡1)¡ bSt¡1 ¡ ³blt

#

¡¯h
0¹µ(l¡³)

S

"
¹h00

h0
( bSt+1 ¡ bSt) + bSt+1 ¡ 2 bSt ¡ ³blt+1

#
.
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The time cost constraint linearizes as follows:

bht =
¹h0

h
[ bSt ¡ bSt¡1].

Now on the …rm side, the linearized factor demand equations for capital and labor
are:

bÃt + (1¡ ®)(bnt ¡ bkt) = bqt,
bÃt + ®(bkt ¡ bnt) = cWt ¡ bPt.

The equations for optimal investment and capital linearize as follows:

[i=k][Á00(i=k)]

[Á0(i=k)]
[bit ¡ bkt] + b¿ t = b̧

t + bPt + bRt,

b¿ t = ¯[(1¡ ±)¡ [i=k][Á0(i=k)] + [Á(i=k)]]b¿ t+1
¡¯

"
[i=k][Á00(i=k)]

[Á0(i=k)]

#
[i=k][Á0(i=k)][bit+1 ¡ bkt+1]

+¯¸qP=(¿ )[b̧t+1 + bPt+1 + bqt+1],

where
b̧
t = ¡³blt ¡ cWt.

The linearized capital accumulation equation is:

bkt+1 = [(1¡ ±) + [Á(i=k)]¡ [i=k][Á0(i=k)]]bkt + [i=k][Á0(i=k)]bit.

The linearization of the de…nition of the index function, yt, for yt and its relation to
yt are as follows

byt = ®bkt + (1¡ ®)bnt,

byt = " bPt + byt ¡
Ã
y

y

! µ
P ¤

P

¶¡" J¡1X

j=0

!j+1"¹
j" bP ¤t¡j.

The pro…t function for the capital supplier is linearized as follows:

(1=P )dDc
t ¡ (Dc=P ) bPt = qk[bqt + bkt]¡Ri[ bRt + bit].

The linearized value function for the …rm that last adjusted its price j periods
ago is:

dvj;t = ¸dD
f
j;t + ¸D

f
j
b̧
t + ¯(´j+1dv0;t+1; + (1¡ ´j+1)dvj+1;t+1)],

for j = 1; ::; J ¡ 2 and

dvJ¡1;t = ¸dD
f
J¡1;t + ¸D

f
J¡1

b̧
t + ¯´Jdv0;t+1],
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where

(1=P )dDf
j;t ¡ (Df

j =P )
bPt = y

2
4(1¡ ")

Ã
¹¡jP ¤

P

!1¡"
+ "Ã

Ã
¹¡jP ¤

P

!¡"3
5

³ bP ¤t¡j ¡ cPt
´

+y

2
4
Ã
¹¡jP ¤

P

!1¡"
¡ Ã

Ã
¹¡jP ¤

P

!¡"3
5 byt ¡ Ãy

Ã
¹¡jP ¤

P

!¡"
bÃt.

The notation for the marginal value functions, @vj;t
@P¤t¡j

, is mvj;t. The notation for

marginal dividends,
@Df

j;t

@P¤t¡j
, is mDj;t. The linearized equation for the marginal value

function of the price adjusting …rm is:

¸dmD0;t + ¸mD0
b̧
t = ¡¯

¹
(1¡ ´1)dmv1;t+1,

where

dmDj;t = "y

2
4(1¡ ")

Ã
¹¡jP ¤

P

!¡"
+ ("+ 1)Ã

Ã
¹¡jP ¤

P

!¡"¡13
5 [ bPt ¡ bP ¤t¡j]

+y

2
4"Ã

Ã
¹¡jP ¤

P

!¡"¡13
5 bÃt +mDj byt.

The linearized equations for next j = 1; ::; J ¡ 2 marginal value functions are:

dmvj;t = ¸dmDj;t + ¸mDj
b̧
t +

¯

¹
(1¡ ´j+1)dmvj+1;t+1,

and for j = J ¡ 1 its equation is:

dmvJ¡1;t = ¸dmDJ¡1;t + ¸mDJ¡1 b̧t.

The linearized versions of the identity equations for aggregate output and the price
level are:

byt =
c

y
bct +

i

y
bit,

bPt =
�
P ¤

P

¸(1¡") J¡1X

j=0

¹j("¡1)!j+1 bP ¤t¡j.

Finally, linearized equation for the money constraint is:

bPt + bYt = cMt.
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