Solution to problem Set 2

ECON 5153
1. Their inverses are:
3/2 —5/6 1/6 -17 -3 15
ATl = 1/2 —1/6 —1/6 |, B'=| —-11 -2 10
~1/4  1/4 1/4 10 2 -9

2. a) First we want to show that AB* = B*A by applying AB = BA k times,
AB* = (AB)B* ! = BAB*! = B(AB)B* %2 = B(BA)B* 2 = B2AB* 2 =... = B*A
Next we want to prove that if (AB)* = A*BF, then (AB)F*! = Ak+1Bk+1,
(AB)**! = (AB)*AB = A*B*AB = A* (B*A) B
Using the result above, it equals
Ak (ABF) B = Ak Bkt
Note that (AB)* = A*BF holds for k = 1, by induction it holds for any &k > 1.
b) Find arbitrary matrices A, B such that AB # BA, then compare (AB)? with A?2B2.
)
(A+B)?=(A+B)(A+B)=AA+ AB+ BA+ BB = A> + AB + BA + B*.

It does not equal A% +2AB + B? unless AB = BA.

3. (1) It can be showed that
det(A) = —z(—1+z)(z — 6).

When z =0, x = 1 or x = 6, the determinant is zero, meaning A is not full rank r(A) < 3.

We will check x = 0 for example. The matrix becomes

S =N
_ O =



If we just pick the first two rows, we can see that the rank is at least 2. Since r(A) < 3, then

it must be r(A) = 2.

(2) The system of equations can be rewritten as

1 3 -2 x 9
3 —-17 8 y | =1 49
3 -4 1 z c

Let A denote the coefficient matrix, it can be easily showed that det(A) = 0. Note that this
is a non-homogeneous case (b # 0). Thus the system can never have a unique solution.
Since this is a linear system, A is not full rank means that at least one equation is redundant,

i.e., it can be recovered by a linear combination of the two equations. We will assume that
a X equation 1 4+ b X equation 3 = equation 2, i.e.,

r:a+3b=3;, y:3a—4b=-17; z:—-2a+b=28.

Solve for a, b, we can obtain a = —3,b = 2. The righthand side for the combination is
ax9+bxc=49= -3 x942c=49 = 2¢c— 27 =49.

If 2¢ — 27 # 49, i.e., ¢ # 38, then the system is inconsistent, and there is no solution.

If ¢ = 38, then the equations are consistent, and there are infinitely many solutions. The
general solution can be derived as the following: removing one redundant equation (say equation
2). It can be showed that 7(A) = 2, so one variable can not be solved. We will keep z, and solve

y and z as functions of x. Equations 1 and 2 are
r+3y—22=9=3y—2z2=9—=x.

3r—4dy+2=38= —4dy+2=38—-3z

Combine these two equations, we get

Tx 13z
Yy 5 y % 5

4. (1)a)u-v=(1,0)-(2,2) =1x2+4+0x2=2>0, so the angle between them is acute.

b)u-v=(1,-1,0)-(1,2,1) =1x1+(-1)x24+0x 1= —1 <0, so the angle between them

is obtuse.

(2) First we look for the nonparametric equation. Note that we are dealing with a subspace

in R3. Pick any point on this plane, denote it by x = (z1, 2, x3). Calculate the displacement



from p = (1,3,2) to x, which is (x; — 1,29 — 3,23 — 2). View it as a vector pX, which is on this
plane. Since the vector n = (1,—1,0) is normal to the plane, it must be perpendicular to the

vector px. Therefore,
n-px=(x;—1)x1+(x3—3)x(-1)+(xz3—2)x0=0.

Simplify it, we obtain the nonparametric equation of the plane z; — x5 + 2 = 0.

Next we look for the parametric equation. We need two linearly independent vectors on
this plane. There are infinitely many such vectors. First we pick two points on the plane

(1 — 2 + 2 = 0 must hold), for example,
v=(1,30), w=(24,1).

Next we generate two vectors connecting either of these two points with point p. Since the
plane goes through all these points, the vectors pv and pw are both on the plane. The two
vectors are

I:W: (0707_2)7 W: (1717_1)7

and they are linearly independent.
Now we know that the plane goes through point p, and two vectors pv and pw. The

parametric equation for the plane is,

x = (x1,T2,73) = p + SPV + tpw, Vs, t € R!.

5. a) Suppose that ¢1(2,1) + c2(1,2) = 0. Then (2¢; + c2,¢1 + 2¢2) = (0,0). This implies

c¢1 = c¢g = 0. Thus the two vectors are linearly independent.
b) Note that (—4,—2) = 2 x (2, 1), the two vectors are linearly dependent.

c¢) Assume that ¢1(1,1,0) 4+ ¢2(0,1,1) = 0. Then (c1,¢1 + ¢2,¢2) = (0,0,0) = ¢ = c2 = 0.

The two vectors are linearly independent.

d) Put the three vectors together into a 3 x 3 matrix, and calculate its determinant,

det =2#0.

—_ O =

1
1
0

_ = O

Thus the three vectors are linearly independent. One can also show this by following the

method employed in a) and b).



